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Abstract
We propose a model for hedging in a market with jumps for a large in-
vestor. The dynamics of the stock prices and the value process is governed
by forward-backward SDEs driven by Teugels martingales. Unlike known
FBSDE market models, ours accounts for jumps in stock prices. Moreover,
it allows to find an optimal hedging strategy.
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1. Introduction
In this article, we propose a forward-backward-SDE (FBSDE) model for
hedging in a market with a large investor and where the stock prices are
allowed to jump. The attempts to price contingent claims have their origin
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in the work of Black and Scholes (1973), where the authors give a formula to
price a european call option assuming that the stock price evolves as a geo-
metric Brownian motion. One of the assumptions of the classical Black and
Scholes model is that no individual investor action is able to influence mar-
ket prices. The importance of accounting for the existence of large investors,
however, has been increasing, given the prevalence of electronic trading and,
in particular, high frequency trading which makes possible to issue thou-
sands of orders over short periods of time. This problem was addressed by
Cvitanic and Ma (1996), where the authors present an FBSDE market model
for a large investor, but in a Brownian market environment, where the stock
prices, being modeled as geometric Brownian motions, are not allowed to
have jumps. However, the documented evidence of jumps in the distribu-
tion of the returns (see, e.g., Eberlein and Keller (1995)) suggests that a
geometric Brownian motion is not entirely suited to model the evolution of
stock prices in real markets. In particular, in periods of heavy market tur-
bulence, such as the “flash crash” in May 2010, when the main US indexes
temporarily dropped by more than 9 per cent, hedging strategies resulting
from Brownian models leave investors exposed to a significant downside risk.
It is known that markets, where the stock prices are modeled involv-
ing Le´vy processes are, in general, incomplete, so contingent claims may
not admit self-financing replicating strategies. The first attempt to de-
fine optimal strategies in the context of incomplete markets was made by
Fo¨llmer and Schweizer (1991), where the authors propose an optimal strat-
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egy as the one that minimizes, in a certain sense, the injection of capital
needed.
In our FBSDE market model, the evolution of the d-dimensional stock
price St = {S
i
t}
d
i=1 is governed by an SDE driven by m independent Brow-
nian motions and d − m martingales picked from the system of orthonor-
malized Teugels martingales {H(ik)t }
l
i=1, k∈N such that for each i ∈ {1, . . . , l},
the family {H(ik)t }
∞
k=1 is associated to a Le´vy process L
i
t. All processes L
i
t
are assumed independent and purely discontinuous. We refer the reader to
Nualart and Schoutens (2001) (p. 763) for details on the martingales H
(ik)
t .
Remark that different stock prices Sit can jump at different times. Further,
the value process Vt and the portfolio process πt = {πit}
d
i=1 evolve according
to a backward SDE with the final condition h(ST ) which is the payoff at
maturity T .
Our model involves the martingales H
(ik)
t because they are independent,
strongly orthonormal, purely discontinuous, but most importantly, the sys-
tem {H(ik)t }
l
i=1, k∈N, completed with the Brownian motions {B
i
t}
m
i=1, possesses
the predictable representation property. The latter allows to decompose the
discounted value process into a sum of the value of the hedging portfolio and
a strongly orthogonal martingale. Therefore, our model allows to find a hedg-
ing strategy which is optimal in the sense of Schweizer (2008). It is worth
to mention that due to the presence of H
(ik)
t ’s, the SDEs representing the
evolution of stocks become, in fact, driven by power-jump martingales built
on the basis of the underlying Le´vy processes (see Nualart and Schoutens
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(2001), p. 763). The presence of these “power-jump” terms may reflect
“skewness”, “kurtosis”, and other volatile behavior or extremal movements
of the market.
Thus, the main contribution of this work is introducing a model which
accounts for jumps in stock prices and allows to find an optimal hedging
strategy in the context of incomplete markets.
2. FBSDE model for hedging in a market with jumps
In what follows, we present our model. Let (Ω,F , P ) be a probability
space, {Bit}
m
i=1 be independent real-valued Brownian motions, and {L
i
t}
l
i=1 be
independent purely discontinuous real-valued Le´vy processes with the Le´vy
measures νi satisfying
∫
R
(1 ∧ x2)νi(dx) <∞ and
∫
|x|>ε
eλ|x|νi(dx) < C (1)
for some positive ε, λ, and C. Define the filtration Ft = σ{B
i
s, 0 6 s 6 t, 1 6
i 6 m} ∨ σ{Lis, 0 6 s 6 t, 1 6 i 6 l} ∨ N , where N is the collection of
all P -null sets. We agree that all Le´vy measures ν considered in this work,
satisfy the condition ν({0}) = 0.
Let, for each i ∈ {1, . . . , l}, {H(ik)t }
∞
k=1 be the family of orthonormalized
Teugels martingales associated to the Le´vy process Lit. Lemma 1 below
provides a useful representation for the orthonormalized Teugels martingales
H
(i)
t associated to an arbitrary one-dimensional Le´vy process ℓt with the
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Le´vy triple (b, a, λ), a = (a1, . . . , aM), and the Le´vy measure λ satisfying (1)
with νi substituted by λ. As in Nualart and Schoutens (2001), we introduce
the polynomials qi−1(x) obtained by the orthonormalization of the system
{1, x, x2, . . .} with respect to the measure x2λ(dx) + |a|2δ0(dx), where δ0 is
the Dirac measure. Furthermore, we define pi(x) = xqi−1(x).
Lemma 1. Let ℓ be a one-dimensional Le´vy process with the Le´vy-Itoˆ de-
composition ℓt = bt +
∑M
i=1 aiβi(t) +
∫
|x|61
xµ˜(t, dx) +
∫
|x|>1
xµ(t, dx), where
{βi(t)}
M
i=1 are independent real-valued standard Brownian motions. Then, it
holds that H
(i)
t = qi−1(0)
∑M
j=1 ajβj(t) +
∫
R
pi(x)µ˜(t, dx). In particular, if ℓt
is purely discontinuous, then H
(i)
t =
∫
R
pi(x)µ˜(t, dx).
Proof. Define p˜i(x) = pi(x)− xqi−1(0). We will use the following representa-
tion for H
(i)
t obtained in Nualart and Schoutens (2001) (p. 763):
H
(i)
t = qi−1(0)ℓt +
∑
0<s6t p˜i(∆ℓs)− tE
[∑
0<s61 p˜i(∆ℓs)
]
− tqi−1(0)E[ℓ1].
Since ℓt = ℓ
c
t +
∑
06s6t∆ℓs, where ℓ
c
t is the continuous part of ℓt, we obtain
H
(i)
t = qi−1(0)ℓ
c
t +
∑
0<s6t pi(∆ℓs)− E
[∑
0<s6t p˜i(∆ℓs)
]
− qi−1(0)E[ℓt]
= qi−1(0)
[
ℓct − E[ℓ
c
t ]
]
+
∑
0<s6t pi(∆ℓs)− E
[∑
0<s6t pi(∆ℓs)
]
= qi−1(0)
∑M
j=1 ajβj(t) +
∫
R
pi(x)µ˜(t, dx).
Let us proceed with the description of the model. Fix a finite-time horizon
T > 0 and consider a market consisting of d risky assets (stocks) and risk-
free money on a deposit. We assume that the price process of the risk-free
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deposit evolves according to the equation
dDt = r(t, St, Vt, πt)Dt, D0 = 1, (2)
where r : [0, T ]× Rd × R × Rd → R is the interest rate, St = {Sit}
d
i=1 is the
d-dimensional risky asset price process, Vt is the (real-valued) value process,
and πt = {π
i
t}
d
i=1 is the portfolio process with π
i
t being the number assets of
the ith stock. The evolution of Sit is assumed to be governed by the SDE
dSit = S
i
t
{
f˜i(t, St, Vt, πt)dt+
d∑
j=1
σ
αj
i (t, St−, Vt−)dM
αj
t
}
(3)
with the non-random initial condition Si0 > 0. In (3), f˜i and σ
αj
i are real-
valued functions defined on spaces of appropriate dimensions. Further, for
j = 1, 2, . . . , m, αj = j and M
αj
t = B
j
t , while for j = m + 1, . . . , d, αj’s are
arbitrarily picked multiindexes from the set {(ik), i = 1, . . . , l, k = 2, 4, . . .}
and M
αj
t = H
αj
t . Remark, that the index k takes only even values.
The value process Vt represents the wealth of a “large” investor who
holds d stocks and money on a deposit. The investor is assumed large, so
the coefficients in our model would depend on Vt, St, and πt.
We define an admissible hedging strategy as a pair of predictable processes
(πt, π
0
t ) such that Vt =
∑d
i=1 π
i
tS
i
t + π
0
tDt and VT = h(ST ), where h(ST ) is
the payoff at maturity T . Note that the solution of (2) takes the form
Dt = exp{
∫ t
0
rsds}, where rs = r(s, Ss, Vs, πs). Let At = exp{−
∫ t
0
rsds}.
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Define Sˆit = AtS
i
t and Vˆt = AtVt to be the discounted stock price and dis-
counted value process, respectively. Furthermore, we define the cumulative
cost process Ct = Vˆt −
∑d
i=1
∫ t
0
πisdSˆ
i
s. We say that the strategy is optimal, if
it is admissible and Ct is a square-integrable martingale strongly orthogonal
to the martingale part of each Sˆit .
Lemma 2. The representations Vˆt =
∑d
i=1
∫ t
0
πisdSˆ
i
s + Ct and
Vt = V0 +
d∑
i=1
∫ t
0
πisdS
i
s +
∫ t
0
π0sdDs +
∫ t
0
DsdCs (4)
are equivalent.
Proof. Since
〈
V,A
〉
t
=
〈
Si, A
〉
t
= [V,A]t = [S
i, A]t = 0, then by Itoˆ’s
product formula, dSˆit = AtdS
i
t − AtrtS
i
tdt and dVˆt = AtdVt − rtAtVtdt.
Substituting these expressions into the equation for Vˆt we obtain dVt =∑d
i=1 π
i
tdS
i
t+(Vt−
∑d
i=1 π
i
tS
i
t)rtdt+DtdCt =
∑d
i=1 π
i
tdS
i
t+π
0
t dDt+DtdCt.
Now we derive a backward SDE (BSDE) for the process Vt with repre-
sentation (4). First, we substitute dDt and dS
i
t with the right-hand sides of
equations (2) and (3), respectively. Since VT = h(ST ), from (4) we obtain
Vt−E[h(ST )−
∫ T
t
g(s, Ss, Vs, Z
(α)
s )ds−
d∑
j=1
∫ T
0
Zαjs dM
αj
s −
∫ T
0
DsdCs|Ft]
=
d∑
j=1
∫ t
0
Zαjs dM
αj
s +
∫ t
0
DsdCs =
l∑
k=1
∞∑
j=1
∫ t
0
Zˆ(kj)s dH
(kj)
s , (5)
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where g(t, s, v, z) = g˜(t, s, v, s−1σ(t, s, v)−1z) with σ(t, s, v) being the d × d
matrix with the element σ
αj
i in the jth line and the ith column, g˜(t, s, v, π) =∑d
i=1 siπifi(t, s, v, π) + (v −
∑d
i=1 siπi)r(t, s, v, π), π = (πi)
d
i=1, s = (si)
d
i=1,
and s = diag{s1, . . . , sn}. Further, (α) denotes the set of multiindexes (α) =
{α1, . . . , αd} and Z
(α)
t = (Z
α1
t , . . . , Z
αd
t ). The last identity in (5) follows from
the predictable representation property of the system {H(kj)t }
∞
j=1 for a fixed
k (with Zˆ
(kj)
t being predictable processes) and from the independence of the
Le´vy processes Lkt , k = 1, . . . , l. The BSDE for Vt follows from (5):
Vt = h(ST )−
∫ T
t
g(s, Ss, Vs, Z
(α)
s )ds−
d∑
j=1
∫ T
t
Zαjs dM
αj
s
−
∑
(kj)/∈(α)
∫ T
t
Zˆ(kj)s dH
(kj)
s . (6)
Making the change of variable π = s−1σ(t, s, v)−1z and introducing the func-
tions fi(t, s, v, z) = f˜i(t, s, v, s
−1σ(t, s, v)−1z), we transform SDE (3) to
dSit = S
i
t
{
fi(t, St, Vt, Z
(α)
t )dt+
d∑
j=1
σ
αj
i (t, St, Vt)dM
αj
t
}
. (7)
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Lemma 3. FBSDEs (6)-(7) are equivalent to


Sit = S
i
0 +
∫ t
0
Sis fi(s, Ss, Vs,Zs, Zˆs( · ))ds+
∫ t
0
Sis σi(s, Ss, Vs) dBs
+
∫ t
0
∫
Rl
Sis ψi(s, Ss−, Vs−, u)N˜(ds, du), i = 1, . . . , d,
Vt = h(ST )−
∫ T
t
g(s, Ss, Vs,Zs, Zˆs( · ))ds−
∫ T
t
ZsdBs
−
∫ T
t
∫
Rl
Zˆs(u)N˜(ds, du),
(8)
where for u = (u1, . . . , ul), ψi(t, s, v, u) =
∑d
q=m+1 σ
αq
i (t, s, v)pαq(uαq) with
uαq = uk if αq = (kj). Further, Zt = (Z
α1
t , . . . , Z
αm
t ) and for each k ∈
{1, . . . , l}, Zˆ(kj)t are the components of the decomposition of Zˆ t(0, . . . , uk, . . . , 0)
with respect to the basis of polynomials p(kj)(uk) in the space L2(ν
k(duk)),
while (Z
αm+1
t , . . . , Z
αd
t ) = {Zˆ
(kj)
t }(kj)∈(α). Finally, N˜ is the compensated Pois-
son random measure for the Le´vy process (L1t , . . . , L
l
t).
Remark 1. With a slight abuse of notation, in the coefficients f and g, we
write Zt instead of (Z
α1
t , . . . , Z
αm
t ) and Zˆ t( · ) instead of (Z
αm+1
t , . . . , Z
αd
t ).
The dependence on Zˆ t( · ) is understood as the dependence on its d − m
components (Z
αm+1
t , . . . , Z
αd
t ).
Proof of Lemma 3. Note that for each k, the system {H(kj)t }
∞
j=1 has the pre-
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dictable representation property. Therefore,
∫ T
t
∫
Rl
Zˆs(u)N˜(ds, du) =
l∑
k=1
∫ T
t
∫
Rk
Zˆs(0, . . . , uk, . . . , 0)N˜
k(ds, duk)
=
l∑
k=1
∞∑
j=1
∫ T
t
Zˆ(kj)s dH
(kj)
s ,
where Rk = {tek, t ∈ R} with {ek}lk=1 being an orthonormal basis in R
l,
and N˜k(t, · ) is the compensated Poisson random measure for Lkt , which,
by the independence of Lkt ’s, is the restriction of N˜(t, · ) to Rk. Since,
by Lemma 1, H
(kj)
t =
∫
Rk
p(kj)(uk)N˜
k(t, duk), we obtain that in L2(ν
k),
Zˆ t(0, . . . , uk, . . . , 0) =
∑∞
j=1 Zˆ
(kj)
t p(kj)(uk) a.s. Moreover, for each k, the sys-
tem of polynomials {p(kj)}
∞
j=1 is orthonormal in L2(ν
k) by the orthonormality
of H
(kj)
t ’s. Finally, since for each (kj), p(kj)(0) = 0, we obtain
∫
Rl
d∑
q=m+1
σ
αq
i (t, x, y)pαq(uαq)N˜(dt, du)
=
d∑
q=m+1
σ
αq
i (t, x, y)
∫
Rαq
pαq(uαq)N˜
αk(dt, duαq) =
d∑
k=m+1
σ
αq
i (t, x, y)dH
αq
t .
where Rαq = Rk, N˜
αq = N˜k, and uαq = uk for αq = (kj).
Remark 2. Since {αj}dj=m+1 are multiindexes picked from the set {(ik), i =
1, . . . , l, k = 2, 4, . . .}, then each polynomial pαj is of even degree, and, there-
fore, achieves a finite global minimum, which we denote by Aj.
Assumption (A1) below guarantees the existence and uniqueness of solu-
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tion to FBSDEs (6)–(7).
(A1) The coefficients of FBSDEs (8) satisfy the hypotheses of Theorem 3.1
in Wu (1999) (p. 436).
Lemma 4. Assume (A1). Then, there exists a unique Ft-adapted solution
(St, Vt, Z
(α)
t ) to FBSDEs (6)–(7) such that (St, Vt) has ca`dla`g paths and Z
(α)
t
is predictable.
Proof. Under (A1), Theorem 3.1 in Wu (1999) guarantees the existence of a
unique Ft-adapted solution (St, Vt,Zt, Zˆ t(·)) to FBSDEs (8) such that (St, Vt)
is ca`dla`g and (Zt, Zˆ t(·)) is predictable. By Lemma 3, this is equivalent to
the existence of a unique Ft-adapted solution (St, Vt, Z
(α)
t ) to (6)-(7).
Assumptions (A2)–(A4) below guarantee the positivity of the prices Sit , the
non-negativity of Vt, and the existence of the optimal strategy.
(A2) det{σ(t, s, v)} 6= 0 for all (t, s, v) ∈ [0, T ]× Rd × R.
(A3) For all (t, s, v) ∈ [0, T ]×Rd×R, i ∈ {1, . . . d}, and j ∈ {m+1, . . . , d},
σ
αj
i (t, s, v) > 0. Moreover, if Aj < 0, then σ
αj
i (t, x, v)|Aj| < (d−m)
−1.
(A4) If (St, Vt,Zt, Zˆ t( · )) is the Ft-adapted solution to FBSDEs (8), then the
random function (ω, t, y, z, zˆ) 7→ g(t, St, y, z, zˆ) satisfies condition (Aγ)
in Royer (2006) (p. 1362). Moreover, h(ST ) > 0 a.s.
The main result of our paper is the following.
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Theorem 5. Let (A1)–(A4) hold, and let (St, Vt, Z
(α)
t ) be the solution to FB-
SDEs (6)-(7). Then, Sit > 0, i = 1, . . . , d, and Vt > 0 a.s. Moreover, the pair
of stochastic processes (πt, π
0
t ), where πt = diag{S
1
t , . . . , S
d
t }
−1σ−1(t, St, Vt)Z
(α)
t
and π0t = Vˆt −
∑d
i=1 π
i
sSˆ
i
t, is the optimal hedging strategy.
Proof. Note that the above representation for πt holds by construction. Next,
by the representation for the function ψi, obtained in Lemma 3, and by (A3),
inft>0 ψi(t, St−, Vt−,∆Lt) > −1. Therefore, Sit can be represented by the
Dole´ans-Dade exponential which is finite a.s.:
Sit = S
i
0 e
∫ t
0
(
f˜i(s, Ss,Vs,pis)−
‖σi(s, Ss,Vs)‖
2
2
)
ds+
∫ t
0
σi(s, Ss,Vs)dBs+
∫ t
0
∫
Rl
ψi(s, Ss−,Vs−,u)N˜(ds,du)
×
∏
06s6t
(
1 + ψi(s, Ss−, Vs−,∆Ls)
)
e−ψi(s, Ss−,Vs−,∆Ls),
where σi = (σ
αj
i )
d
j=1. Therefore, for all i, S
i
t > 0 a.s. Let us prove the
non-negativity of Vt. To this end, we apply the comparison theorem from
Royer (2006) (Theorem 2.5, p. 1362) to the BSDE in (8), considered with
respect to (Vt,Zt, Zˆ t( · )), whereas the process St is fixed and assumed known
from Lemma 4. Note that, by the definition, g(t, St, 0, 0, 0) = 0. Therefore,
we compare the solution (Vt,Zt, Zˆ t( · )) with the identically zero solution to
the BSDE whose generator is the same as in (8) but the final condition is
zero. Remark that (A4) implies the assumptions of the comparison theorem
in Royer (2006). Thus, by Theorem 2.5 in Royer (2006), Vt > 0 for all t a.s.
Note that, by (5), Ct = V0+
∑
(kj)/∈(α)
∫ t
0
AsZˆ
(kj)
s dH
(kj)
s , and, therefore, it
is a square integrable martingale. Moreover, Ct is (weakly) orthogonal to the
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stable subspace S generated by {M
αj
t }
d
j=1, which follows from Theorem 35 of
Protter (1992) (p.149) and from the strong orthogonality of the martingales
M
αj
t . By Theorem 36 of Protter (1992) (p.150), Ct is strongly orthogonal to
S. It remains to note that the martingale parts of {Sˆit}
d
i=1 belong to S.
Corollary 6. The Fo¨llmer-Schweizer decomposition of the discounted con-
tingent claim ATh(ST ) takes the form
ATh(ST ) = V0 +
d∑
i=1
∫ T
0
πit dSˆ
i
t +
∑
(kj)/∈(α)
∫ T
0
AtZˆ
(kj)
t dH
(kj)
t .
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